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Abstract. Within the framework of the effective field theory with a probability distribution technique
that accounts for the single-site spin correlations, we examine the critical behavior of the transverse fer-
romagnetic spin−1 Ising model of an alternating magnetic superlattice. The critical temperature of the
alternating magnetic superlattice has been studied as a function of the interlayer and intralayer exchange
interactions and the strength of the transverse field and the thickness of the finite superlattice.

PACS. 77.80.Bh Phase transitions and Curie point – 75.70.Cn Interfacial magnetic properties (multilayers,
magnetic quantum wells, superlattices, magnetic heterostructures)

1 Introduction

During the last few years much effort has been directed
towards the study of the critical phenomena in various
magnetic layered structures and superlattices [1–7]. The
basic theoretical problem is the examination of the mag-
netic excitation and the phase transitions in these systems.
Magnetic excitations in superlattices were considered in
numerous papers (see e.g. [8] for a brief review). Yet, less
attention has been paid to the critical behavior and in
particular to the critical temperatures in superlattices.
Ma and Tasi [9] have studied the variation with modula-
tion wavelength of the Curie temperature for a Heisenberg
magnetic superlattice. Their results agree qualitatively
with experiments on Cu/Ni films [10]. Superlattice struc-
tures composed of alternating ferromagnetic and antifer-
romagnetic layers have been investigated by Hinckey and
Mills [11,12], using a localized spin model. A sequence
of spin transitions is found to be different for superlat-
tices with antiferromagnetic component consisting of an
even or odd number of spin layers. In two earlier papers
[5,6] one of the present authors has studied the effects of a
uniform transverse and surface magnetism on the critical
behavior of an alternating ferromagnetic spin−1/2 Ising
superlattice, we study in this paper the effect of a uniform
transverse field on the critical temperature of a spin−1
Ising superlattice consisting of two ferromagnetic mate-
rials with different bulk properties, with a simple cubic
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structure. In particular, we consider the two constituents
A and B with different bulk transition temperatures, i.e.
TA

c 6= TB
c . The interface is in general different in nature

from both bulks, even if the bulk critical temperatures are
the same. We use the effective field theory with a prob-
ability distribution technique in its simplest form [13–15]
This technique is believed to give more exact results then
those of the standard mean-field approximation and it has
been applied successfully to the study of various physical
problems, in particular to the transverse spin−1/2 Ising
multilayers [16]. In Section 2 we outline the formalism and
derived the equation that determines the transition tem-
perature. Both analytical and numerical results are dis-
cussed in Section 3 for the case of an infinite superlattice
where the interface magnetic phase transition is studied
and the critical value of the reduced interlayer exchange
interaction is determined. The case of a finite superlattice
is discussed in Section 4. The last section is devoted to a
short conclusion.

2 Model and formulation

We consider an infinite simple cubic superlattice with a
unit cell consisting of arbitrary number L of magnetic lay-
ers. The transverse spin-1 Ising Hamiltonian of the system
is given by

H = −
∑
n,n′

∑
r,r′

Jnn′σ
z
nrσ

z
n′r′ −

∑
n

∑
r

Ωnσ
x
nr, (1)

where σznr and σxnr denote respectively the z and x com-
ponents of a quantum spin σnr of magnitude σnr = 1 at
site (n, r), (n, n′), are plane indices and (r, r′) are dif-
ferent sites of the planes, and Jnn′ is the strength of the
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ferromagnetic exchange interaction which is only plane de-
pendent, and Ωn is the strength of the transverse field.

The statistical properties of the system are studied us-
ing an effective field theory that employs the probability
distribution technique, which based on a single-site clus-
ter comprising just a single selected spin, labeled (n, r),
and the neighbouring spins with which it directly inter-
acts. To this end, the Hamiltonian is split into two parts,
H = Hnr+H

′
, where Hnr is that part of the Hamiltonian

containing the spin (n, r), namely

Hnr = −

∑
n′ , r′

Jnn′σ
z
n′r′

σznr −Ωnσxnr

 . (2)

The Starting point of the effective field theory is a set of
formal identities of the type

〈〈(σαnr)p〉c〉 =
〈

Trnr [σpnrα exp (−βHnr)]
Trnr [exp (−βHnr)]

〉
(3)

where α = z, x, p = 1, 2, 〈(σαnr)p〉c denotes the mean
value of (σαnr)

p for a given configuration c of all other
spins, 〈...〉 denotes the average over all spin configurations
σn′r′ , Trnr means the trace performed over (σαnr)p only,
β = 1/kBT with kB the Boltzmann constant (we take
kB = 1 for simplicity) and T the absolute temperature.
For a fixed configuration of neighbouring spins of the site
(n, r) the longitudinal and the transverse magnetizations
and quadrupolar moments of any spin at site (n, r) are
given by

mnrα = 〈〈σαnr〉c〉 = 〈f1α (A,B)〉 (4)

qnrα =
〈〈

(σαnr)
2
〉
c

〉
= 〈f2α (A,B)〉 (5)

where

f1z (A,B) =
A

[A2 +B2]1/2
2 sinh

(
β
[
A2 +B2

]1/2)
1 + 2 cosh

(
β [A2 +B2]1/2

)
(6)

f2z (A,B) =
1

[A2 +B2]

×
B2 +

(
2A2 +B2

)
cosh

(
β
[
A2 +B2

]1/2)
1 + 2 cosh

(
β [A2 +B2]1/2

)
(7)

and

f1x (A,B) = f1z (B,A) (8)

f2x (A,B) = f2x (B,A) (9)

with

A =
∑
n′

∑
r′

Jnn′σ
z
n′r′ , (10)

B = Ωn (11)

where the first and second sums run over all possible con-
figurations of atoms environing or lying on the (n, r) site,
respectively. Each of these configurations can be charac-
terized by numbers of magnetic atoms in the planes n−1,
n, n+ 1.

To perform thermal averaging on the right-hand side of
equations (4) and (5) one now follows the general approach
described in [13–15]. Thus with the use of the integral rep-
resentation method of Dirac δ−distribution, equations (4)
and (5) can be written in the form

〈〈σαnr〉c〉 =
∫

dωf1α (ω,B)
1

2π

×
∫

dt exp (iωt)
∏
n′r′

〈exp (−itJn,n′σzn′r′)〉

(12)〈〈
(σαnr)

2
〉
c

〉
=
∫

dωf2α (ω,B)
1

2π

×
∫

dt exp(iωt)
∏
n′r′

〈exp (−itJJn,n′σzn′r′)〉 .

(13)

In the derivation of the equations (12) and (13), the com-
monly used approximation has been made according to
which the multi-spin correlation functions are decoupled
into products of the spin averages (the simplest approx-
imation of neglecting the correlations between different
sites has been made). That is

〈σzj (σzk)2 . . . σzl 〉 ≈ 〈σzj 〉〈(σzk)2〉 . . . 〈σzl 〉
for j 6= k . . . 6= l. (14)

Then, as 〈〈σαnr〉c〉 and
〈〈

(σαnr)
2
〉
c

〉
are independent of r,

we introduce the longitudinal magnetization and the lon-
gitudinal quadrupolar moment of the nth layer, on the
basis of equations (4) and (5), with the use of the proba-
bility distribution of the spin variables [13–15]

P (σznr) =
1
2

[(qnz −mnz) δ (σznr + 1)

+2 (1− qnz) δ (σznr) + (qnz +mnz) δ (σznr − 1)] .

(15)

Allowing for the site magnetizations and quadrupolar
moments to take different values in each atomic layer par-
allel to the surfaces of the superlattice, and labeling them
in accordance with the layer number in which they are
situated, the application of equations (4, 12, 15) yields
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mnα = 2−N−2N0

NX

µ=0

N−µX

ν=0

N0X

µ1=0

N0−µ1X

ν1=0

N0X

µ2=0

N0−µ2X

ν2=0

2µ+µ1+µ2CNµ C
N−µ
ν CN0

µ1 C
N0−µ1
ν1 CN0

µ2 C
N0−µ2
ν2

× (1− 2qnz)µ (qnz −mnz)
ν (qnz +mnz)

N−µ−ν (1− 2qn−1,z)µ1 (qn−1,z −mn−1,z)
ν1 (qn−1,z +mn−1,z)

N0−µ1−ν1

× (1− 2qn+1,z)µ2 (qn+1,z −mn+1,z)
ν2 (qn+1,z +mn+1,z)

N0−µ2−ν2 f1α (yn, Ωn) , (16)

Mn,n−1 = 2−N−2N0

NX

µ=0

N−µX

ν=0

N0X

µ1=0

N0−µ1X

ν1=0

N0X

µ2=0

N0−µ2X

ν2=0

ν1X

i=0

N0−(µ1+ν1)X

j=0

(−1)i 2µ+µ1+µ2δ1,i+j C
N
µ C

N−µ
ν CN0

µ1 C
N0−µ1
ν1

× CN0
µ2 C

N0−µ2
ν2 Cν1i C

N0−(µ1+ν1)
j (1− rn)µ (1− rn−1)µ1 (1− rn+1)µ2 rN−µn r

(N0−µ1)−(i+j)
n−1 rN0−µ2

n+1 f1z (yn, Ωn) (24)

Mn,n = 2−N−2N0

NX

µ=0

N−µX

ν=0

N0X

µ1=0

N0−µ1X

ν1=0

N0X

µ2=0

N0−µ2X

ν2=0

νX

i=0

N−(µ+ν)X

j=0

(−1)i 2µ+µ1+µ2δ1,i+jC
N
µ C

N−µ
ν CN0

µ1 C
N0−µ1
ν1 CN0

µ2

× CN0−µ2
ν2 Cνi C

N−(µ+ν)
j (1− rn)µ (1− rn−1)µ1 (1− rn+1)µ2 rN−µ−(i+j)

n r
(N0−µ1)
n−1 rN0−µ2

n+1 f1z (yn, Ωn)− 1 (25)

Mn,n+1 = 2−N−2N0

NX

µ=0

N−µX

ν=0

N0X

µ1=0

N0−µ1X

ν1=0

N0X

µ2=0

N0−µ2X

ν2=0

ν2X

i=0

N0−(µ2+ν2)X

j=0

(−1)i 2µ+µ1+µ2δ1,i+jC
N
µ C

N−µ
ν CN0

µ1 C
N0−µ1
ν1

× CN0
µ2 C

N0−µ2
ν2 Cν1i C

N0−(µ2+ν2)
j (1− rn)µ (1− rn−1)µ1 (1− rn+1)µ2 rN−µn r

(N0−µ1)
n−1 r

N0−µ2−(i+j)
n+1 f1z (yn, Ωn) , (26)

the following set of equations for the layer longitudinal
magnetizations

see equation (16) above

where

yn = [Jn,n (N − µ− 2ν) + Jn,n−1 (N0 − µ1 − 2ν1)

+Jn,n+1 (N0 − µ2 − 2ν2)] (17)

N and N0 are the numbers of nearest neighbours in the
plane and between adjacent planes respectively (N = 4
and N0 = 1 in the case of a simple cubic lattice which
is considered here) and Clk are the binomial coefficients,
Clk = l!

k!(l−k)! ·
The periodic condition of the superlattice has to be

satisfied, namely m0α = mLα, mL+1,α = m1α, q0α = qLα,
and qL+1,α = q1α.

The equations of the longitudinal and transverse
quadrupolar moments are obtained by substituting the
function f1α by f2α in the expressions of the layer longi-
tudinal and transverse magnetizations respectively. This
yields

qnα = mnα [f1α (yn, Ωn)→ f2α (yn, Ωn)] · (18)

In this work we are interested with the calculation of
the ordering near the transition critical temperature. The
usual argument that mnz tends to zero as the temper-
ature approaches its critical value, allows us to consider

only terms linear in mnz because higher order terms tend
to zero faster than mnz on approaching a critical temper-
ature. Consequently, all terms of the order higher than
linear terms in equation (16) that give the expressions of
mnz can be neglected.

This leads to the set of simultaneous equations

mnz = An,n−1mn−1,z +An,nmnz +An,n+1mn+1,z (19)

or

Amz = mz (20)

where mz is a vector of components (m1z, m2z, ..., mnz ,
..., mLz) and the matrix A is symmetric and tridiagonal
with elements

Ai,j = Ai,iδi,j +Ai,j (δi,j−1 + δi,j+1) . (21)

The system of equations (20) is of the form

Mmz = 0 (22)

where

Mi,j = (Ai,j − 1) δi,j +Ai,j (δi,j−1 + δi,j+1) . (23)

The only non zero elements of the matrix M are
given by

see equations (24−26) above,

where the rn are the values of the qnz when mnz = 0 at
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rn = 2−N−2N0

NX

µ=0

N−µX

ν=0

N0X

µ1=0

N0−µ1X

ν1=0

N0X

µ2=0

N0−µ2X

ν2=0

2µ+µ1+µ2CNµ C
N−µ
ν CN0

µ1 C
N0−µ1
ν1 CN0

µ2 C
N0−µ2
ν2

× (1− 2rn)µ rN−µn (1− rn−1)µ1 r
(N0−µ1)
n−1 (1− 2rn+1)µ2 rN0−µ2

n+1 f2z (yn, Ωn) . (27)

the critical point which are given by

see equation (27) above.

All the information about the critical temperature of
the system is contained in equation (22). Up to know we
did not define the values of the exchange interactions; the
terms in matrix (22) are general ones.

In a general case, for arbitrary coupling constants and
superlattice thickness the evaluation of the critical tem-
perature relies on the numerical solution of the system of
linear equations (22).

These equations are fulfilled if and only if

detM = 0. (28)

This condition can be satisfied for L different values of the
critical temperature Tc.

3 Infinite superlattice

We denote by Jaa and Jbb the coupling strength between
nearest-neighbouring spins in A and B respectively, while
Jab stands for the exchange coupling between the nearest-
neighbour spins for all successive layers. In this paper, we
take Jaa as the unit of the energy, the length is measured in
units of the lattice constant and we introduce the reduced
exchange couplings R1 = Jbb/Jaa and R2 = Jab/Jaa.

Let us begin with the evaluation of the critical tem-
perature with an example: the critical temperature of the
spin−1 Ising model for the simplest possible “bulk case”
of a material A (i.e. N = 4, N0 = 1, Ji,j = Jaa, Ωn = Ω).
Then we can reduce detM to the following form

detM =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a b b

b a b

b a b

... ... ... ... ... .... ... ... ... ... ... ...

b a b

... ... ... ... ... ... ... ... ... ... ... ...

b a b

b a b

b b a

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(L,L)

(29)

whose value is

detMbulk =
L∏
k=1

[
a+ 2b cos

(
2π (k − 1)

L

)]
(30)

where the elements in the above determinant are given by

a = Mn,n (Jn,n = Jn,n−1 = Jn,n+1 = Jaa, Ω) (31)

b =
1
4

(a+ 1) (32)

and L in the “bulk” case is an arbitrary number. Now we
obtain the critical temperature from the condition given
by

detMbulk = 0. (33)

For the special case of the pure Ising model (Ω = 0),
we obtain the critical value of the temperature Tc/Jaa =
3.519 from equation (33) which is intermediate between
the low-temperature series expansion result, T SE

c /Jaa =
3.194 [17], and the mean-field theory result, TMFT

c /Jaa
= 4 [18] and is the same result reported by Fittipaldi
et al. [19]. On the other hand, at Tc = 0, we obtain the
critical value of the transverse fieldΩc = 5.259Jaa which is
the same result obtained in the latter reference and is more
accurate than the mean-field theory result ΩMFA

c = 6Jaa
for the bulk media.

The variation of the critical temperature with the
strength of the transverse field is shown in Figure 1 for
the simple cubic lattice. As expected, when Ω increases
from zero, Tc falls from its value in the Ising system and
reaches zero at a critical value of the transverse field Ωc.

We apply the obtained formalism to an alternating
magnetic superlattice consisting of atoms of type A and B
which alternate as ...ABABAB...AB... The periodic con-
ditions suggests that we only have to consider one unit
cell which interacts with its nearest neighbours via the
interlayer coupling.

Let us consider a simple alternating lattice of 2L layers
n = 1, 3, 5...2L − 1 consist of atoms of type A, whereas
layers n = 2, 4, ...2L consist of atoms of type B.

In this case we can represent detMab as

detMab =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 b1 b1
b2 a2 b2

b1 a1 b1
... ... ... ... ... ... ... ... ... ... ... ... ...

b2 a2 b2

b1 a1 b1
b2 b2 a2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(L,L)

(34)
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0 2 4 6
0

1

2

3

4

5.259

3.519

T
c /

 J
aa

Ω / Jaa

Fig. 1. The variation of the bulk critical temperature Tc/Jaa
versus the strength of the transverse field Ω/Jaa for the trans-
verse spin−1 Ising model on a simple cubic lattice.

whose value is

detMab = (a1a2)L
L∏
k=1

{
1− 2b1b2

a1a2

×
[
1 + cos

(
2π (k − 1)

L

)]}
, (35)

where the elements in the determinant are given by
a1 = Mn,n (Jn,n = Jaa, Jn,n−1 = Jn,n+1 = Jab, Ω)
b1 = Mn,n−1 (Jn,n = Jaa, Jn,n−1 = Jn,n+1 = Jab, Ω)

= Mn,n+1 (Jn,n = Jaa, Jn,n−1 = Jn,n+1 = Jab, Ω)
n = 1, 3, ...2L− 1

(36)


a2 = Mn,n (Jn,n = Jbb, Jn,n−1 = Jn,n+1 = Jab, Ω)
b2 = Mn,n−1 (Jn,n = Jbb, Jn,n−1 = Jn,n+1 = Jab, Ω)

= Mn,n+1 (Jn,n = Jbb, Jn,n−1 = Jn,n+1 = Jab, Ω)
n = 2, 4, ...2L

(37)

L in the case of an infinite alternating superlattice is an
arbitrary number. Now we obtain the critical temperature
of the system from the condition given by

detMab = 0. (38)

From the numerical treatment of equation (38), we can
determine the critical temperature of the infinite alternat-
ing superlattice as a function of the reduced exchange in-
teractions R1 and R2. We assume that R1 ≤ 1 and denote

0,5 1,0 1,5 2,0 2,5 3,0
2

3

4

5

 

 

1,244

R
1
 = 0.75

R
1
 = 1

3.519
3.471

3.323

T
c 

/J
aa

R
2

Fig. 2. Dependence of the bulk critical temperature Tc/Jaa
on the reduced interface exchange interaction R2, for different
values of the reduced exchange interaction R1 and different
values of the strength of the transverse field. The dotted hor-
izontal lines show the bulk critical temperatures of a uniform
cubic lattice i.e. when R1 = R2 = 1. Tc/Jaa = 3.519, 3.471,
3.323, and for Ω/Jaa = 0, 1 and 2 respectively.

by T ac /Jaa = 3.519 and by T bc /Jaa = (T ac /Jaa)R1 the
bulk critical temperature of a uniform lattice of material
A and of material B. In Figure 2 we show the dependence
of the critical temperature Tc/Jaa on the reduced inter-
layer exchange coupling R2 for various values of R1 and
Ω/Jaa. This dependence is approximately linear, in agree-
ment with the spin-1/2 case [20] and in disagreement with
the results of [5]. It is interesting to note that for every
choice of R1 and Ω/Jaa, there exists a critical value Rc

2 of
the interface exchange coupling such that when R2 > Rc

2
we have Tc/Jaa > T ac /Jaa; T bc /Jaa the system may or-
der in the interface layers before the intralayer ordering,
i.e. the interlayer magnetism dominates. For R2 < Rc

2,
Tc/Jaa < T ac /Jaa; we have the contrary situation. Ini-
tially it has a place intralayer magnetism dominates and
the system behaves like metamagnets. From Figure 2, we
obtained the critical values of Rc

2 for different values of R1

and Ω/Jaa, and are collected together in Table 1. We see
that for each value of R1, Rc

2 is independent of Ω/Jaa.

4 Finite superlattice

In the case of the finite superlattice we restricted our dis-
cussion to take into account the effects of finite thick-
ness of our superlattice, we have to consider all unit cells,
because the periodicity is broken on the surface layers.



398 The European Physical Journal B

8 16 24 32 40
2

3

4

2.604

0.5

0.5

1

1

2

2

R
1
 = 0.75

2.667

3.249
3.197

4.310
4.272

T
c 

/ J
aa

L

(a)

8 16 24 32 40
2

3

4

0.5

0.5

1

1

2

2

R
1
 = 1

2.902
2.844

3.471
3.519
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/ J
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Fig. 3. The dependence of the critical temperature Tc/Jaa of the finite superlattice on the thickness for various values of R1

and R2. (a) R1 = 0.75, (b) R1 = 1. The number accompanying each curve denote the values of R2. The dotted lines shows the
critical temperature of the infinite superlattice (bulk critical temperature). The solid and dashed curves correspond respectively
to Ω/Jaa = 0, and 1.

Table 1. Critical values of Rc
2

R1 Ω/Jaa Rc
2

0.75 0 1.244

” 1 1.244

” 2 1.244

1 0 1

” 1 1

” 2 1

The dependence of the critical temperature Tc/Jaa on the
superlattice thickness (the thickness is measured in units
of the lattice constant in our calculations) is shown in
Figures 3a,b for various values of R1 and R2 and Ω/Jaa,
the critical temperature of the finite superlattice increases
with the increase of R2 (R1). The critical temperature of
the finite superlattice is always less than that of the corre-
sponding infinite superlattice and reaches the last one for
large values of L. As expected, the critical temperature of
the finite superlattice decreases with the increase of the
strength of the transverse field Ω/Jaa, for fixed values of
R1 and R2.

5 Conclusion

In conclusion, we have examined a spin-1 Ising model of an
alternating magnetic superlattice. The formalism of tran-
sition temperature derivation obtained above is universal
and can be used for study of superlattice of various thick-
nesses and structures. The authors are presently working
on extension and application of this formalism to more
complicated models: a superlattice with an arbitrary num-
ber of layers, a superlattice with dilution, a superlattice
with high spin, and so on.

Although we have discussed our results using only fer-
romagnetic exchanges (all J ’s> 0), the formalism is appli-
cable to antiferromagnetic coupling (some or all J ’s< 0).

In this paper we also introduce some critical value
of interlayer exchange constant Rc

2 so that for R2 > Rc
2

(R2 < Rc
2) the interlayer (intralayer) ordering dominates.

We found that the critical temperature of the finite su-
perlattice is always less than the critical temperature of
the bulk system (infinite superlattice) and reaches the last
one when the thickness L becomes large. The critical tem-
perature decreases with the increase of the strength of the
transverse field.
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